Introduction
When u = 1 we get the composition operator C φ on X given by
Weighted composition operators appear in the study of dynamical systems. Moreover, it is known that isometries on many analytic function spaces are of the canonical forms of weighted composition operators. In general, certain operator theoretic properties of weighted composition operators can be studied by considering various conditions on their inducing functions. For more information about these types of operators acting on various spaces of analytic functions, see [2-5, 8, 9, 11, 18-21, 23, 24] and the references therein.
For g ∈ H(D) , the integral operator I g on X is defined by
for all f ∈ X . As generalizations of integral operator I g , the products of composition operator C φ and integral operator I g , called Li-Stević integral-type operators, are given by
for all f ∈ X . These operators were essentially defined by Li and Stević in [12] and later studied along with their n -dimensional relatives in many papers; see, for example, [11, 13-17, 22, 25, 30] and the references therein.
By letting φ(z) = z , we have I g C φ = I g = C φ I g . Also, note that
for all f ∈ H(D) , and therefore if φ(0) = 0 then I g•φ C φ = C φ I g .
Integral operators of the type I g C φ and C φ I g and other similar types of operators have been studied by several authors between different spaces of analytic functions on the unit disk of complex plane C or the unit ball of the complex vector space C n . See, for example, [12, 14, 16, 22, [25] [26] [27] [28] [29] and the references therein. In this paper, weighted composition operators and Li-Stević integral-type operators are mainly considered between weighted-type spaces of analytic functions and Bloch-type spaces, defined as follows.
By a weight v we mean a strictly positive continuous function on D that is radial (that is,
for all z ∈ D ) and decreasing with respect to |z| . We also assume that the weight v tends to zero at the
For a weight v , the associated weightṽ is defined bỹ
It is known that if v is an analytic weight, then v =ṽ and therefore every analytic weight is essential. Following Domanski and Lindström [6, Lemma 1], a weight v is called normal if it satisfies properties (L1) and (L2) as follows:
It is worth mentioning that for each 0 < α < ∞, the standard weights v α (z) = ( 
Also, the Bloch-type space B v is defined as follows: In this paper we investigate Li-Stević integral-type operators between Bloch-type spaces. In Section 2, we describe closed range properties of the operators I g C φ and C φ I g between Bloch-type spaces B v . Our descriptions are given in terms of the existence of specific properties for the inducing functions. In Section 3, using the concept of weighted composition operators, we give the essential norm of the operators I g C φ and C φ I g between Bloch-type spaces B v . We give the results of Section 3 in a general setting that consequently, besides Bloch-type spaces, also gives the essential norm of I g C φ and C φ I g between some other well-known spaces of analytic functions.
Closed range properties of Li-Stević integral type operators
It is well known that a bounded one-to-one operator T on a Banach space (X, ∥ · ∥ X ) has closed range if and only if it is bounded below; that is, there exists a positive constant δ > 0 such that ∥T x∥ X ≥ δ∥x∥ X for every x ∈ X . When X is a Banach space of analytic functions on D and φ is a nonconstant analytic selfmap of D , every well-defined composition operator C φ on X is one-to-one. Therefore, study of closed range bounded composition operators on a large class of Banach function spaces reduces to the study of bounded below composition operators. Bounded below composition operators on the Bloch spaces were first studied by Ghatage et al. in [8] . Closed range operators and connections with their operator theoretic properties have been studied by many authors on different spaces of analytic functions [3, 9, 21, 31, 32] . In this section we study conditions under which the operators I g C φ and C φ I g between Bloch-type spaces B v have closed range.
Note that the operator P : 
Clearly, 
see, for example, [3, 31, 32] .
Theorem 2.1 Suppose that v and w are weights, φ is an analytic self-map of D, and g ∈ H(D)
. Then: As a consequence of the above discussions we get the following useful result:
Considering the operator
I g C φ : B v → B w , letĨ g C φ denote the restriction of I g C φ to B v ; that is,Ĩ g C φ = I g C φ | Bv : B v → B w . Note that Range(Ĩ g C φ ) = Range(I g C φ ) , since for each f ∈ B v we have f − f (0) ∈ B v and I g C φ (f ) = I g C φ (f − f (0)) =Ĩ g C φ (f − f (0)).
Also, it is worth noting that if φ is a nonconstant self-map of D and g ∈ H(D) is nonzero, then the operator
I g C φ : B v → B
Theorem 2.2 Let φ be a nonconstant self-map of D, g ∈ H(D) be nonzero, and the operator
A subset G of D is said to be a sampling set for B v if there exists k > 0 such that
for all f ∈ B v . The concept of sampling set for B vα is defined in [3, 9, 32] . Ghatage et al. in [9] used sampling sets to study closed range composition operators on the Bloch spaces. The concept of sampling sets has also been used to investigate closed range composition operators on other spaces of analytic functions [3, 32] .
For the weights v and w , ε > 0 , g ∈ H(D) , and a self-map φ of D, let
In the next theorem, we use 
On the other hand, by Theorem 2.1,
Note that by the definition ofṽ in (1.2), we haveṽ(
, and also since the weight v is essential, using the positive constant C given in (1.3), we obtain
is a sampling set for B v . Therefore, using the fact that v ≤ṽ , there exists k > 0 such that
, and
Consequently, for each f ∈ B v , we have
This implies that for each f ∈ B v we have 
For r ∈ (0, 1) we say that a subset G of D is an r -net for D if for every z ∈ D there exists w ∈ G such that ρ(z, w) < r ; see [3, 31, 32] . Closed range composition operators between Bloch-type spaces have been characterized in terms of existence of r -nets. See, for example, [3, 31, 32] . By applying the next lemma and 
Theorem 2.6 Let v be a weight satisfying condition (L1), which is continuously differentiable with respect to
|z| . For an arbitrary weight w let I g C φ : B v → B w be a bounded operator. If there exist ε > 0 and r ∈ (0, M
On the other hand, since f ′ ∈ H ∞ v , using Lemma 2.5, we have
Therefore, using the fact v ≤ṽ , we conclude that 
This implies thatĨ

Lemma 2.7 Let v be a weight such that µ(z) = v(z)
(1−|z| 2 ) p is a weight on D for some 0 < p < ∞ and µ =μ . Then any sampling set for B v is an r -net for some r ∈ (0, 1).
for all z ∈ D . Then, as shown in [2, Theorem 2(b)], we have f a ∈ B v and ∥f a ∥ v = 1 . Now let G be a sampling set for B v . Therefore, there exists a constant k > 1 such that
Applying (2.6) for f a and using the sup property one can find z a ∈ G such that
) 1 p , and hence G is an r -net. 
Recalling the argument before Theorem 2.4, we have the next result for the operator We conjecture that the results of Theorem 2.4(ii) and Theorem 2.10(ii) are valid for the operator C φ I g without the assumption φ(0) = 0 .
Essential norms of Li-Stević integral type operators
Recall that for the Banach spaces X and Y , the norm of a bounded operator T : X → Y is denoted by ∥T ∥ X→Y . Also, the essential norm of a bounded operator T : X → Y , denoted by ∥T ∥ e,X→Y , is defined as the distance from T to K(X, Y ) , the space of compact operators from X into Y . Clearly, a bounded operator T : X → Y is compact if and only if ∥T ∥ e,X→Y = 0 . Therefore, essential norm estimates of bounded operators lead to necessary and/or sufficient conditions for the compactness of such operators. Essential norm estimates of different types of operators have been intensively studied between certain classes of Banach function spaces.
See, for example, [7, 18-20, 22, 23] and the references therein.
In this section we give the essential norm of Li-Stević integral-type operators I g C φ and C φ I g between Bloch-type spaces. Indeed, more generally, we give the essential norm of a bounded operator T between general classes of Banach spaces. Consequently, we get the essential norm of the operators I g C φ and C φ I g between different Banach spaces of analytic functions including Bloch-type spaces. We next introduce the form of general Banach spaces of analytic functions that we consider.
Let X be a Banach space of analytic functions on the open unit disk D containing the constant functions, with norm satisfying
where ∥ · ∥ sX is a seminorm on X . Moreover, assume that for all f ∈ X and for any constant (function) c,
See [24] for the above mentioned definitions and note that Bloch-type spaces B v are examples of Banach spaces X with norm satisfying conditions (3.1) and (3.2). At the end of this section we will give more examples of such Banach spaces X . For a Banach space X , satisfying conditions (3.1) and (3.2), the derivative space is defined by Y = {f ′ : f ∈ X} equipped with the norm
Indeed, Y is a Banach space since the Banach space X satisfies conditions (3.1) and (3.2) and ∥f 
In particular, if U : X → Y is a surjective isometry, then 
which implies that
In order to prove the converse of (3.5), for an arbitrary compact operator
for all f ∈ X . Note that the extension K : X → Y is indeed a compact operator, since X and Y contain the constant functions and X satisfies (3.1) and (3.2). Also, define compact operators 
To see the last equality, define
, since X and Y contain the constant functions and satisfy (3.1) and (3.2). Hence, by applying (3.2) we have
This, along with the fact that ∥ · ∥ sY ≤ ∥ · ∥ Y , implies (3.6). Therefore, by (3.3) we have
On the other hand, by considering the (bounded) integration operator S : Z → Y , one can see that for each compact operator Λ ∈ K( X, Z) we have Λ = DSΛ , and therefore Λ is of the form DK for some K ∈ K( X, Y ) .
Hence, (3.7) implies
∥T ∥ e, X→Y = inf
and completes the proof. 2
As an immediate consequence of Theorem 3.2 we get the following result: 
Proof Note that the integration operator S 1 :
between Y 1 and X 1 . Therefore, by (3.4), we have
On the other hand, by Theorem 3.1 and Theorem 3.2, we have
which implies the desired result. 2
As an immediate consequence of Theorem 3.3, we get the following result for the essential norm of Li-Stević integral-type operators I g C φ , C φ I g : X 1 → X 2 in terms of the essential norm of weighted composition operators 
Corollary 3.4 For
(ii) If C φ I g : X 1 → X 2 is a bounded operator, then [18, 19, 22, 23] . It is worth mentioning here that the results of Theorems 3.1, 3.2, and 3.3 and Corollary 3.4 are given in terms of "exact" equalities, not "almost" equalities.
We next apply Corollary 3.4 to several well-known D -pair Banach spaces and consequently we get the essential norm of the operators I g C φ and C φ I g between such spaces. 
